The string theory swampland proposes that there is no UV-completion for an effective field theory with an exact (metastable) de Sitter vacua, thereby ruling out standard ΛCDM cosmology if the conjecture is taken seriously. The swampland criteria have also been shown to be in sharp tension with quintessence models under current and forthcoming observational bounds. As a logical next step, we introduce higher derivative self-interactions in the low-energy effective Lagrangian and show that one can satisfy observational constraints as well as the swampland criteria for some specific models. In particular, the cubic Galileon term, in the presence of an exponential potential, is examined to demonstrate that parts of the Horndeski parameter space survives the swampland and leads to viable cosmological histories.
Introduction
Precision cosmological observations have firmly established the evolution history of our universe, laying down the existence of a current period of exponential expansion. However, the theoretical seeds for this late-time acceleration remain a source of considerable debate. Occam's razor dictates that the simplest explanation lies in assuming a positive cosmological constant leading to the standard ΛCDM paradigm. Already at this level, there are perplexing questions regarding the 'naturalness' of the small value of Λ as observed in our universe, and its compatibility with our current understanding of vacuum energy density. However, even allowing for this observed value of the cosmological constant as a free parameter in standard cosmology, it is interesting to ask if there exists other theoretical paths towards constraining the ΛCDM model.
On the other hand, the ultraviolet (UV) completion of general relativity (GR), or the problem of quantum gravity, remains one of the most interesting challenges in theoretical physics today. In the most exciting case, peculiarities of the UV theory, whatever it might be, can perhaps leave its signatures on GR -the empirically verified low energy effective field theory (EFT) of gravity. Recently, it has been proposed that there is a swampland of inconsistent EFTs arising from string theory, which are incompatible with quantum gravity, unless they satisfy some constraints [1] [2] [3] [4] 
The model: cubic Galileon terms
In our model, the late-time acceleration of the universe shall be explained through the dynamics of an effective scalar field -the Galileon π. We consider the following cubic Galileon action with a potential term V (π) [69] [70] [71] [72] , a sub-class of the most general scalartensor (Horndeski) Lagrangian
where M Pl = 1/ √ 8πG is the reduced Planck mass, M is an energy scale, α is a dimensionless constant. S m and S r are the matter and radiation action. In the above, one can rescale the parameter α to replace M by M Pl . It is also straightforward to see that setting α = 0 gets us back to the standard quintessence action.
When potential V (π) is linear, the scalar field action preserves the Galilean shift symmetry π → π + b µ x µ + c, where b µ and c are constants. However, an exponential potential, which is what we shall consider in this work, results in the breaking of this shift symmetry. Note that our primary aim is to show how the swampland conjectures can easily be satisfied when including non-canonical higher-derivative terms in the action, going beyond quintessence models. As it is, quantum corrections can lead to the appearance of higher derivative terms when the non-renormalizable theorem is violated [73] , when the Galileon symmetry is not weakly-broken. Our choice of the exponential potential is purely phenomenological in spirit and takes this specific form to facilitate comparison with quintessence [13] and some classes of Horndeski theories [53] , when combined with the swampland conjectures 1 . Apart from the potential term, one also needs to make a choice for the higher derivative terms to keep in the action. While the quartic/quintic terms in the covariant Galileon formalism has been made nonviable since the detection of multi-messenger gravitational wave astronomy [76] , the cubic term is highly disfavored by Integrated Sachs-Wolfe effect (ISW) measurements [77] . However, generalizations of the cubic Galileon models have been shown to be compatible with the ISW data [78] . Keeping these in mind, we shall only consider the cubic Galileon term, (∇π) 2 π, in our action. We remind the reader that not only has this term not been ruled out by gravitational wave detection, neither it been shown to be in conflict with the ISW data in the presence of a potential term [68] , as is the case here. Finally, and most importantly, we emphasize that this specific model has been chosen only to provide a concrete example to illustrate that parts of the parameter space of general Horndeski theories remain viable even after the imposition of the swampland conjectures.
Varying the action (1) with respect to (w.r.t.) the metric g µν gives the Einstein equation
where subscripts m, r and π represent matter, radiation and the scalar field respectively and
and varying w.r.t. the scalar field π gives the equation of motion of the scalar field
where ′ denotes the derivative w.r.t. π.
Cosmological dynamics constrained by the Swampland
In a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) background, the Friedmann equations take the form
where
and the equation of motion for the scalar field reads
where ρ m and ρ r are the energy densities of non-relativistic matter (P m = 0) and radiation (P r = ρ r /3) respectively. To examine the background cosmological dynamics, let us define the following dimen-sionless variables [69, 70] x =π √ 6HM pl ,
and the equation-of-state (EoS) parameters,
where w eff and w π are the effective and scalar field EoS. The evolution equations of the dimensionless variables form the following autonomous system
where N = ln a is the number of e-folds. Here Γ = V V ,ππ /V 2 ,π whereas, using Eqs. (5)- (6),
For our choice of an exponential potential with a constant slope λ, V (π) = e −λπ/M Pl , implies Γ = 1. In this case, the autonomous system can be reduced to the Eqs. (17)- (20) .
Defining the matter density Ω
2 ), we can rewrite the constrain equation as Ω m + Ω r + Ω π = 1 where
Fixed point analysis
It is straightforward to see from the Eqs. (7), (8) and (12) that ǫ parameterizes corrections in the dynamics due to the cubic Galileon term and setting ǫ = 0 gives the autonomous system for the standard quintessence scenario. Let us first briefly discuss the fixed point analysis for the cubic Galileon model with an exponential potential. We will also review the late time cosmological dynamics of the scalar field for an exponential potential. As shall be emphasized later on, we note that there exist several differences in the structure of critical points on our phase space as compared to the Horndeski model studied in [53, 79] The physical fixed points are listed in the Table 1 . The fixed points and their nature of stability is similar to the quintessence field with exponential potential. However, it is crucial to note that the inclusion of the variable ǫ reduces the number of the fixed points which one has for the quintessence field alone (ǫ = 0), including an exponential potential. For instance, the fixed point characterized by (x, y, Ω r ) = (0, 0, 1) is absent in our case. Moreover, it also affects the character of some the points (see C ± ) and makes them behave strictly as saddle points whereas, for the quintessence case, they can act as an unstable nodes as well [80] . Interestingly, as can be seen from the table below, ǫ flows to zero for all the critical points in our model on a four-dimensional phase space.
Pts. (17)- (20) .
The points A ± and B ± can represent radiation and matter dominated eras respectively, provided the value of λ is sufficiently larger than what is required for the existence of these points. The critical points C ± represent a kinetic regime where the kinetic term of the scalar field dominates with w eff = w π = 1. The points D ± can lead to an attractor solution close to de Sitter for small λ. Restricting our attention to a possible future attractor solution, we are then left with four points (B ± and D ± ). Among these, for the points B ± , neither the scalar field nor ordinary matter fields dominate entirely and there is a scaling solution [80] where the energy density of the scalar field remains proportional to that of the background fluid, which in this case is baryonic matter. The condition λ 2 > 3 has to be satisfied for this solution. However, this solution cannot give us late-time acceleration as w eff = w π = 0 for the points B ± . Therefore, from observation we can rule out these points. In other words, we can conclude that the a (steep) exponential potential with λ 2 > 3 cannot give late-time acceleration; rather, it leads to a scaling solution for which w eff = w π = 0, similar as the quintessence field with exponential potential [80] . Note that the same scaling behaviour is also present during the radiation era but it is not an attractor solution.
So we are left with the option of λ 2 < 3 i.e., the condition required for the critical points D ± . From Table 1 , it is easy to understand that as we lower the values of λ we get closer to the de Sitter solution (w π = −1). But for these points we do not have such scaling behaviour.
Imposing the Swampland constraints
As described in the introduction, for the EFTs, responsible for such late-time accelerations, to be compatible with quantum gravity, we need to impose the swampland criteria on the cosmological dynamics of our model. For this, we shall primarily have to focus on the dS constraint (S2) since the condition (S1) is automatically satisfied for our case. Moreover, for a potential of the exponential type with our defined parameters, (S2) translates into a condition for the first derivative of the potential and we do not have to worry about the refined version of (S2), involving the Hessian of the potential, since it is not relevant in this case. It is worth pointing out that this is the same condition which has been applied previously in quintessence models as well as for some Horndeski theories for constraining them. Therefore, from now on, we shall further impose that λ ≈ 1, for models which do not fall into the swampland.
This implies that w eff = w π = −2/3 at the fixed points D ± in the future. (In hindsight, we could have ruled out some of the critical points simply on the basis of the swampland conjecture (S2).) However, this value of w eff is obviously not compatible with current observational results. So we have to fix the initial conditions very precisely so that the current value of the equation of state (w π ) matches with observational data but does, however, deviate from that value in the future to reach the fixed point value i.e., w π = −2/3 for λ = 1. To achieve this we have to consider the thawing dynamics [81] of the scalar field where the scalar field behaves like a cosmological constant for most of the history of the universe but starts evolving from the recent past and deviates from the value w π = −1. It is worth emphasizing at this point that thawing dynamics of the scalar field is extremely sensitive to the initial conditions, just as is the case for the cosmological constant. This is, in fact, also the case in [53] where a model of Horndeski higher-derivative self-interactions was considered and the cosmological dynamics were shown to be sensitively dependent on the tuned initial conditions. For our scenario under consideration, we have one variable more than standard quintessence which gives us some freedom in choosing our initial conditions. In [70] it has already been shown that scalar field EoS can have lower values than the quintessence case as we increase the positive initial values of ǫ for a constant λ. This is precisely what we shall cleverly employ so as to have the values of w π consistent with both current observation as well as the swampland criteria. 
(a) Cosmological evolution of ǫ for three different initial conditions with λ = 1. 
Figure 1: Evolution of cosmological parameters in our model
As briefly mentioned earlier, from Table 1 we can see that at all the fixed points are at ǫ = 0. But we are mainly interested about the late time attractor solution and an initial condition dependent cosmological evolution. In other words, we shall fix arbitrary initial conditions so as to reproduce a viable cosmological evolution with the correct amount of radiation, matter and scalar-dominated phases, and shall then study the late-time dynamics. Of course, even if we set arbitrary initial conditions, we should reach one of the points of D ± in future where ǫ = 0 which has been shown in Fig. 1(a) . That means in future the dynamics of the model should reduce to that of the quintessence. This has been illustrated in Fig. 1(b) with the evolution of the scalar field EoS where the red (dashed) and blue (solid) curves are approaching the green (dotted) curve which is for ǫ i = 0 i.e., the quintessence case. The cosmological evolution of the fractional energy density is shown in Fig. 1(c) which shows the viability of the cosmological dynamics with the chosen initial conditions. The evolution of the dimensionless quantities (x, y, ǫ) is shown in Fig. 1(d) . At the onset, the scalar field is kept nearly frozen due to large Hubble damping which allows us to choose very small values for initial values of x (x i ), and keeps w π ≈ −1. On setting the initial value of ǫ i.e., ǫ i to zero, it remains zero throughout the cosmic history and we flow along the trajectories of standard quintessence fields to the fixed points at late times. Specifically for ǫ i = 0, the situation reduces to that of quintessence models with thawing dynamics, for which we have tuned initial value of y (y i ) so as to get a viable cosmology. On fixing a suitable y i , the quintessence solution for λ ≈ 1 is largely independent of the initial condition x i at late times. On the other hand, in the presence of the higher derivative cubic Galileon term, i.e. when there is a non-zero ǫ i , different values of x i can lead to different cosmological histories near z = 0. The reason for this is that when ǫ i is set to non-zero positive values, an additional frictional term is turned on which is coupled to the x parameter. Finally, it is worth pointing out that only the relative magnitude between the derivative self-interaction term, ǫ i and x i is what matters for the dynamics.
Current observational bounds
Imposing experimental bounds from SNeIA, CMB, BAO and H 0 data, one can obtain 1σ, 2σ and 3σ contours for an upper bound on the dark energy EoS as a function of redshift [82] . This was carried out in [13] for standard quintessence models using the observational constraints on w 0 and w a , the parameters of the Chevallier-Polarski-Linder (CPL) parameterization [83, 84] of the dark enrgy EoS
We shall closely follow the analysis of [13] to put constraints on our model involving higher derivative terms. On setting ǫ = 0, one goes back to the quintessence scenario. As is expected analytically for this case, the numerical evolution setting ǫ i = 0 reproduces the numerical solution for quintessence. Changing the values of ǫ i changes the evolution history [70] and similarly for different x i (when ǫ i = 0). Here, we are interested to see the effect of different values of ǫ i and x i on the evolution history and comparing the latter with observational bounds while respecting the swampland criteria, in particular the dS constraint. Thus, we shall consider ǫ i and x i as parameters while we shall fix y i and Ω r (Ω ri ) to y i = 5 × 10 −12 and Ω ri = 0.999. Fig. 2(a) shows the constraints on the model from observations for different initial values of ǫ by fixing x i . The solid black lines represent 1σ, 2σ and 3σ upper bounds from bottom to top respectively on the dark energy EoS. Throughout this analyses, we have fixed the slope λ to 1 to respect the dS constraint (S2).
The green (dashed) line is for ǫ i = 0 i.e., the quintessence case. As can be seen clearly from the Fig. 2(a) , this case is in conflict with current observation at 2σ level. As we Also for a given value of ǫ i , we see that one gets the same behaviour if we lower the values of x i which we have shown in Fig. 2(b) . In other words, Fig. 2(a) and 2(b) show that for λ ∼ O(1), even though the quintessence model (with an exponential potential, which is the least constrained case) can be ruled out at the 2σ level, the inclusion of the cubic Galileon term can make the cosmology viable with both observations and the swampland criteria.
A natural question which arises is how does our results match with those of [53] , which seem to suggest that Horndeski theories are typically in the Swampland? Firstly, we consider only a cubic higher derivative self-interaction term and more importantly, we take the limit where there is no non-minimal coupling in the theory. It is not straightforward to take this limit in the model studied in [53] due to the fact that the non-minimal coupling parameter has to be ≥ 10 −3 to comply with solar system constraints [79] . Therefore, our model is indeed able to scan parts of the phase space of Horndeski theory which is truly unavailable in the system studied in [53] , therefore showing the possibility that there exists models of dark energy which are compatible with current observations, even after strongly (λ = 1) imposing the Swampland constraints.
Looking Ahead: More general models
The swampland conjectures have paved a way towards constraining cosmological models of both the early and late universe. If true, these conjectures tell us how complicated UVcompletions of GR can leave its imprint on the low-energy effective theory. Specifically, in the context of the dS constraint, these conjectures suggest that there is a naturalness condition such that the slope of the potential of any effective scalar should be related to its potential through an order one number. In other words, (S2) gives us a way to explain not only why the current value of the potential is small, but also why its slope is equally small. However, current models of quintessence leads to bounds on c which can lead to significant tension with this conjecture, thanks to experimental data coming from current as well as near-future experiments. In this work, we showed through an explicit example, how some of these tensions can be relieved in going to a model beyond quintessence, namely by adding the additional higher derivative cubic Galileon term to the action.
The specific Galileon model we have considered here is still viable after multi-messenger gravitational wave discovery as well as with other current observational bounds even after imposing the swampland conjectures. Moreover, as noted in [53] , large portions of the parameter space of Horndeski theories can be ruled out by current and near-future data, if the Swampland constraints are taken into account, thereby somehow singling out models of this kind as special. However, it would be more interesting to see what the swampland conjecture implies for models of modified gravity, aimed at explaining late-time acceleration, in a more systematic manner [85] . We plan to do this in future by going to more general models beyond-Horndeski and applying the swampland conjectures to them. In this way, we shall be able to constrain these models through a theoretical consistency requirement in addition to observable data.
